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Abstract 

We generalize the Noether current method proposed by Majhi and Padman- 
abhan recently to f{R) gravity and conformal gravity and analyze the near hori¬ 
zon symmetry of black holes in these models. It is shown that the entropy 
obtained with Cardy’s formula agrees with Wald entropy. 
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1 Introduction 


One of the remarkable properties of black holes is that they are thermal objects bearing 
temperature and entropy. The microscopic origin of black hole entropy has attracted 
considerable attentions, but a fully satisfactory explanation of black hole entropy re¬ 
mains to be found. At present, there are at least three different approaches in explaining 
black hole entropy, i.e. black hole entropy as contribution from holographic quantum 
degrees of freedom (DOF), as quantum entanglement entropy and as a purely classical 
geometric entity (Wald entropy). 

In the approach explaining black hole entropy as contribution from holographic 
quantum DOF, Strominger [1,2] has made an important step forward. He discovered 
that the asymptotic region of 2-1-1 dimensional black hole spacetimes exhibit conformal 
symmetry using the Brown-Henneaux’s canonical approach [3], and the black hole en¬ 
tropy calculated using Cardy’s formula [4] agrees exactly with the Bekenstein-Hawking 
entropy. Carlip [5] found that the near horizon region of black holes also exhibits 
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conformal symmetry, and the black hole entropy can still be calculated using Cardy’s 
formula. Later on, Strominger et al studied the near horizon conformal symmetry of 
axisymmetric black holes which is now known as Kerr/CFT [6]. 

Recently, Majhi and Padmanabhan proposed an alternative method (MP approach 
for short) to study the asymptotic symmetry of the black hole solution [7,8]. They 
considered the Noether currents related only to the diffeomorphism invariance of the 
boundary action, which is different from the bulk ones previously considered. By solving 
the Killing vector fields that generate the boundary Noether currents and studying 
the anomaly of corresponding conformal algebra, the black hole entropy computed 
via Cardy’s formula matches Bekenstein-Hawking entropy precisely without shifting 
the zero-mode energy [5,9]. Several works have been done generalizing MP approach 
to higher derivative gravity [10-12] or gravity with matter source [13]. For further 
applications of the boundary diffeomophims in the context of the entropies of gravity 
with one loop effective modified action, of the conformally transformed black hole 
solution as well as for time dependent black holes, see Refs. [14-16]. 

In this paper we will consider the role of MP approach in two interesting models of 
higher curvature gravity, i.e. f{R) gravity and conformal gravity. As a modified gravity 
model for interpreting cosmic acceleration, f{R) gravity has been proven to be able to 
mimic the whole cosmological history, from inflation to later accelerating expansion era. 
There have been many studies on the application of f{R) to cosmology and gravitation 
[17]. In four dimensions, Weyl-squared conformal gravity is the unique conformally 
invariant gravity that is polynomial in curvature. It has an important feature that 
all metrics which are conformal transformations of solutions of Einstein gravity are 
automatically solutions of conformal gravity. Recently, Maldacena proved that, by 
imposing proper boundary conditions, Einstein gravity can emerge from conformal 
gravity in four dimensions. Thus, in order to understand the microscopic origin of 
black hole entropy and make comparison between different approaches, we would like 
to study the near horizon symmetries of static black holes of the above two models 
using MP approach. 

The paper is organized as follows. In Section 2, we give a brief review of the MP 
approach. In Section 3, we compute the conserved charges owing to the diffeomorphism 
invariance of the boundary action of f{R) gravity and obtain the related Virasoro 
algebra. The entropy computed via Cardy’s formula matches the Wald entropy exactly. 
In Section 4, we compute the conserved charges, construct the corresponding Virasoro 
algebra and work out the entropy with Cardy’s formula in conformal gravity. We 
conclude our results in Section 5. 
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2 Noether currents and charges from boundary ac¬ 
tion 


In this section, we briefly review the boundary Noether current method in Einstein 
gravity proposed by Majhi and Padmanabhan recently [7]. We will start with the 
boundary term of a general action which is written as a total divergence 

( 1 ) 

Under a diffeomorphism x“ —)■ + ^“(x), the variation of the left hand side of (1) is 

the Lie derivative of a scalar 

5^ {^L) ^ i^L) = (LC) , (2) 

where we have used 6y/g = ^■s/gg°'^5gab and 6^gab = Va^fe + Vb^a- The variation of the 
right hand side of is 

[da 

= V9^a [Vb {A^e) - A’^VbC] , (3) 

where Va^“ = is used. 

After equating Eq.(2) and Eq.(3), we can read off the Noether current 

r [e] = LC - Vb {A'^t) + A’^VbC- (4) 

which obeys VaJ°' = 0. Replacing L in (4) with (1), the Noether current can be 
rewritten as 

r [e] = Vb [e] = Vb . (5) 

Given the Noether current, the conserved charge is defined as 

Q[^]= [ ds,j“ = 11 VhdEabr\ (6) 

Js ^ Jdi: 

where S is a timelike hypersurface with unit normal vector M“. We have used Stokes’ 
theorem in the second equality. dS^b = —d*''’*“^^x {NaMf, — N),Ma) is the area element 
on the (d —l)-dimensional hypersurface dT,, and 77“ is the spacelike unit normal vector. 

Finally, the Lie bracket of the conserved charges is defined as [18] 

|Ol.Q2] = l(<S5,QKa]-%«l|) 

= 11 ^ Lj j‘Ki] - er/[&]]), (7) 

where %Q[^ 2 ] = (\/VT“[^ 2 ])- For Einstein gravity this commutator gives 

rise to the Virasoro algebra [7] and the black hole entropy follows directly by employing 
Cardy’s formula. 
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3 f{R) gravity 


In this section, we aim to generalize MP approach to f{R) gravity in {d + 1) spacetime 
dimensions. The bulk action reads [19] 


where f{R) is a polynomial of the Ricci scalar R, in which a term proportional to R 
(Einstein-Hilbert term) and a constant term (the cosmological constant term) may be 
present. 

The boundary action which cancels the total divergence term arising from the vari¬ 
ation of the bulk action (8) is 


Ib = 


1 


/ 


d‘‘x^f'(R)K, 


(9) 


where K is the trace of the extrinsic curvature and the prime denotes the derivative 
with respect to the Ricci scalar R. 

Now let’s consider a static black hole solution of f{R) gravity 

dr^ 

ds^ = —/(r)db -I- — -I- r^f2i, (a;)dxMb (10) 

f{r) 

where Qij{x) is the metric on a (d — 1)-dimensional unit sphere and we denote Rj = 
r^Qij{x), h = det hij. The unit normal vectors in this spacetime can be chosen as 


= (0,v7w,0,--- 



( 11 ) 


Assume that the event horizon of the black hole lies aX r = with f{rh) = 0. In order 
to describe the near-horizon geometry, let’s introduce a local Rindler coordinate p via 
r = r/i -|- p, in terms of which the metric becomes 


ds^ 


-f{rh + p)db + 


dp^ 

f{rh + p) 


-h (r/i pYilij{x)dx''dx^. 


( 12 ) 


In the near horizon region, p —)■ 0, the function f{rh + p) can be expanded as f{rh + p) = 
2Kp+^f"{rh)p ‘^-\—, with K = being the surface gravity. In order to get the proper 

vector held that generates the boundary diffeomorphism invariance, we transform 
this metric to the Bondi-like form and then transform back after solving the Killing 
equations . Under the transformation 


du 


dt — 


dp 

fin + p) ’ 


(13) 


4 











the metric (12) can be rewritten as 

ds^ = —f{rh + p)du^ — 2dudp + (vh + (14) 

Requiring invariance of the horizon structure under infinitesimal boundary diffeomor- 
phisms yields the following Killing equations, 


= -2d,C = 0, 

^^9up = -f{rh + p)dpC - - duC = 0- (15) 

Solving the above Killing equations we get 


C = F(u,x), =-f>d^F(u,x), 


(16) 


where x denotes the coordinates on the unit {d — l)-sphere and -F(n, x) is an arbitrary 
function of the arguments. All other components of vanish. The condition C^Puu = 0 
is satished automatically in the near-horizon limit given the Killing vectors (16). 

Transforming back to the original coordinates {t,p), the Killing vector helds now 
take the form 


e 




p 


f{p + rh) 

-pdtT, 


dtT, 


(17) 


where T is the same arbitrary function F{u,x) but with coordinate u changed into t 
and p. For each choice of T there is a corresponding Killing vector field T can be 
expanded in terms of a set of basis functions 

T = ^ AmTra (18) 

where the basis function should be chosen properly in order that the Diff algebra 
is satished 


inY = {^ 71 - n)C+n- (19) 

Here {, } is the Lie bracket. A standard choice of is 

Tm = — ey^Yimiat + g{p) + p ■ x)], (20) 

a 

where a is a constant, p is an integer, g{p) is a regular function on the horizon. For T 
to be real, the coefhcients must obey = A_m. 

Now we have all the ingredients to calculate the conserved charges and the com¬ 
mutators between them. For f{R) gravity, we can read off A“ = N°‘f'{R)K from the 
boundary action (9). Inserting this A“ into Eq. (5) the Noether potential follows, 

= ( 21 ) 
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Recall that J“ = Using this and substituting in (6) and Eq.(7) and then taking 

the limit p —)■ 0, we get 


Q = 


[Qi, Q 2 ] — 


SttG 

1 

8nG 


d^-^x^/hf{R)l=o(^KT-^dtTy 


( 22 ) 


d‘^-^xVhf{R)\p=o 


K{T,dtT2-T2dtTi) 


T,d^T2 - T2d^Ti 


+ —(dTid^T2 - dT2d^Ti) 


(23) 


Comparing this result to the case of pure Einstein gravity [7], one hnds that an addi¬ 
tional factor f'{R)\p=Q appears. Choosing the standard form (20) of Tm and making 
the integrations, we get the hnal form of the modes Qm and the commutators 

1 K" /4 

Qm = ^/'(i?)|p=o—5^,0, (24) 

ottCt ( y , 

[Qm,Qn] = ^/'(R)|p=0 


inA . -laA 

(vn T^jOra+nfl ^m+n,0 

a Zk 


(25) 


The last commutator reminds us the form of the Virasoro algebra, from which we can 
read off the central charge G and the zero mode Qo, 


£ 

12 


aA 1 
2k SttG 


fiR)\ 


p=0) 


(26) 


Ak 1 

Qo = —^f{R)l=o. (27) 

a SttG 

So, using Cardy’s formula, we get the entropy of the black hole 

S = 2^y^= (28) 

This is exactly the Wald entropy of static black hole in f{R) gravity. 


4 Conformal gravity 


In this section, we apply the MP approach to the static black hole in four-dimensional 
conformal gravity. 

The boundary action of conformal gravity [20,21] can be written as 

/b = ^ / (29) 


6 















where rf' is the unit normal vector of the boundary of the spacetime. If we consider the 
metric of static black hole with the same form as in ( 12 ), then n°‘ = ^ 0 , 0 ) 0 ^ • 

From (29) it’s very easy to read off the boundary Lagrangian density 


Ur 


Cb = 

dvr 


(30) 


So, we can take A°' = rACs and insert this object into Eqs.(5-7). After taking the 
limit p —)■ 0 , we get 

Q = j - la.r), ( 3 i) 


[Qi, Q 2 ] — 


etc 2 + 2rhf{rh) - rlf'{rh) 


Air 


K 


d‘^x\/li 


K{T,dtT2-T2dtT,) 


- - T^dlT,) + ^{dT.dlT^ - dT^dlT,) 

I Ak 


(32) 


Choosing the standard form (20) for Tm and integrating out the above equations, 
we get the final form of the modes Qm and the commutators 


^ _ Oc 2 + 2rhf'{rh) - rlf"{rh) kA ^ 

■ - o 0^1 


dvr 


6rl 


a 


[f?m) Qn\ 


ttc 2 + 2rhf'{rh) - rlf"{rh) 


Air 


Qrl 


rnfli 

-inA . oCtA 

(^Ul ^) 0 m+n ,0 ^m-\-n,0 

a 2k 


Therefore we recognize the Virasoro central charge C and the zero mode Qo 

_ aAac 2 + 2rhf'{rh) - rlf'jrh) 

12 2k Air 6 r^ ’ 

kA etc 2 + 2rhf'{rh) - rlf”{rh) 


Qo — 


et dvr 


6rl 


Employing Cardy’s formula, we get the entropy of the black hole 




6 8 \3rl ' 3rh 3 

This agrees exactly with the Wald entropy of the static black hole [20,22-2d] 


5 = - 




afecde“'e""dS = 


4 df(r) 2 /"(r) ' 

. 3r, 


O^r 


8 \3rl ' 3r, 3 


(33) 

'] - 

(34) 

(36) 

(36) 


(37) 


(38) 
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5 Conclusion 


It was known in the literature that for higher curvature extended gravity models, the 
Beckenstein-Hawking formula for black hole entropy is not valid. Instead, the Wald 
entropy is a universal formula for all gravity models. However, the Wald entropy 
is constructed purely from geometric considerations and thus seems to be a purely 
classical object. This intuition contradicts with the expectation that black hole entropy 
may arise from microscopic quantum DOF of gravity. On the other hand, the MP 
approach, which makes use of the off-shell boundary conserved charges and the Cardy’s 
formula, seems to relate both geometric and quantum considerations and hence feels 
more natural for interpreting black hole entropy. 

In this paper, we calculated the black hole entropy in both f{R) gravity and con¬ 
formal gravity using the MP approach. The results in both cases agree with the Wald 
entropy. This provides further evidence for the universality of the Wald entropy. Be¬ 
sides, in the MP approach, we made use of only the staticity and the spherical symmetry 
of the metric but not of the explicit form of the metric function f{r). This makes the 
construction equally well applicable to static spherically symmetric black holes in other 
extended theories of gravity. 

The importance of the boundary action is not limited within the context of varia¬ 
tional problems for gravitational theories and the boundary diffeomorphism invariance. 
Recently, Majhi promoted the boundary action to the calculation of black hole entropy 
using the entropy function method in general relativity [25] and the result agrees with 
the boundary diffeomophism approach. It is desirable to see whether the boundary 
entropic function method is also applicable to other models of gravity. 


Acknowledgement 


The work of KM is supported by the National Natural Science Foundation of China 
(NSFC) under grant No.11447153. 


References 

[11 A. Strominger, “Black Hole Entropy from Near-Horizon Microstates,” JHEP 9802 :009, (1998), 
[arXiv:hep-tli/9712251]. 

[2] A. Strominger, C. Vafa, “Microscopic Origin of the Bekenstein-Hawking Entropy,” Phys. Lett. B 
379, 99-104, (1996), [arXiv:hep-th/9601029]. 

[3] J. D. Brown, M. Henneaux, “Central Charges in the Canonical Realization of Asymptotic Sym¬ 
metries: An Example from Three Dimensional Gravity,” Commun. Math. Phys. 104 , 207-226 
(1986). 

[4] J. L. Cardy, “Operator Content of Two-Dimensional Conformally Invariant Theories,” Nucl.Phys. 
B 270, 186-204, (1986). 


[5] S. Carlip, “Black Hole Entropy from Conformal Field Theory in Any Dimension,” Phys. Rev. 
Lett. 82, 2828-2831, (1999), [arXiv:hep-th/9812013v3]. 

[6] M. Guica, T. Hartman, W. Song, A. Strominger, “The Kerr/CFT Correspondence,” Phys. Rev. 
D 80, 124008 ,(2009), [arXiv:0809.4266]. 

[7] B. R. Majhi and T. Padmanabhan, “Noether current from the surface term of gravitational action, 
Virasoro algebra and horizon entropy,” Phys. Rev. D 86, 101501 (2012), [arXiv: 1204.1422]. 

[8] B. R. Majhi, “Noether current of the surface term of Einstein-Hilbert action, Virasoro algebra 
and entropy,” Adv. High Energy Phys. 2013, 386342 (2013) [arXiv:1210.6736]. 

[9] M. I. Park, “The Hamiltonian Dynamics of Bounded Spacetime and Black Hole Entropy: The 
Canonical Method,” Nucl. Phys. B 634, 339-369, (2002), [arXiv:hep-th/0111224v4]. 

[10] S. J. Zhang and B. Wang, “Surface term, Virasoro algebra, and Wald entropy of black holes in 
higher-curvature gravity,” Phys. Rev. D , 87, 044041 (2013), [arXiv:1212.6896]. 

[11] W. Kim, S. Kulkarni and S. H. Yi, “Conserved quantities and Virasoro algebra in New massive 
gravity,” JHEP 1305, 041, (2013), [arXiv:1303.3691]. 

[12] K. Hirochi, “Entropy for curvature squared gravity using surface term and auxiliary field,” 
[arXiv:1304.7085]. 

[13] K. Meng, Z. N. Hu and L. Zhao, “Near horizon symmetry and entropy of black holes in the pres¬ 
ence of a conformally coupled scalar,” Class. Quant. Grav. 31, 085017 (2014), [arXiv:1403.1921]. 

[14] B. R. Majhi and S. Chakraborty, “Anomalous effective action, Noether current, Virasoro algebra 
and Horizon entropy,” Fur. Phys. J. C 74, 2867 (2014) [arXiv:1311.1324]. 

[15] B. R. Majhi, “Conformal Transformation, Near Horizon Symmetry, Virasoro Algebra and En¬ 
tropy,” Phys. Rev. D 90, no. 4, 044020 (2014) [arXiv: 1404.6930]. 

[16] B. R. Majhi, “Near horizon hidden symmetry and entropy of Sultana-Dyer black hole: A time 
dependent case,” [arXiv:1505.03310]. 

[17] S. Capozziello and M. De Laurentis, “Extended Theories of Gravity,” Phys.Rept. 509 , 167-321, 
(2011), [arXiv:1108.6266]. 

[18] B. R. Majhi and T. Padmanabhan, “Noether Current, Horizon Virasoro Algebra and Entropy,” 
Phys. Rev. D 85, 084040 (2012) [arXiv:1111.1809]. 

[19] A. Guarnizo, L. Gastaneda and J. M. Tejeiro, “Boundary Term in Metric f(R) Gravity: Field 
Equations in the Metric Formalism,” Gen. Rel. Grav. 42, 2713 (2010), [arXiv:1002.0617]. 

[20] H. Lu, Y. Pang, G. N. Pope and J. F. Vazquez-Poritz, “AdS and Lifshitz Black Holes in Conformal 
and Einstein-Weyl Gravities,” Phys. Rev. D 86, 044011 (2012), [arXiv: 1204.1062]. 

[21] D. Grumiller, M. Irakleidou, I. Lovrekovic and R. McNees, “Gonformal gravity holography in 
four dimensions,” Phys. Rev. Lett. 112, 111102 (2014), [arXiv:1310.0819]. 

[22] N. Bodendorfer and Y. Neiman, “The Wald entropy formula and loop quantum gravity,” 
[arXiv:1304.3025]. 

[23] A. Sinha, “On the new massive gravity and AdS/CFT,” JHEP 1006, 061 (2010), 
[arXiv: 1003.0683]. 

[24] H. S. Liu and H. Lu, “Gharged Rotating AdS Black Hole and Its Thermodynamics in Conformal 
Gravity,” JHEP 1302, 139 (2013), [arXiv:1212.6264]. 

[25] B. R. Majhi, “Entropy function from the gravitational surface action for an extremal near horizon 
black hole,” [arXiv:1503.08973]. 


9 


